In this paper we will extend the well-known chain of inequalities involving the Pythagorean means, namely the harmonic, geometric, and arithmetic means to the more refined chain of inequalities by including the logarithmic and identric means using nothing more than basic calculus. Of course, these results are all well-known and several proofs of them and their generalizations have been given. See [1-6] for more information. Our goal here is to present a unified approach and give the proofs as corollaries of one basic theorem.
Pythagorean Means
, , , n . The Pythagorean means have the obvious properties:
, PM x x is always a solution of a simple equation. In particular, the arithmetic mean of two numbers 1 x and 2
x can be defined via the equation
The harmonic mean satisfies the same relation with reciprocals, that is, it is a solution of the equation
The geometric mean of two numbers 1 x and 2 x can be visualized as the solution of the equation
This follows because
Logarithmic and Identric Means
The logarithmic mean of two non-negative numbers x and 2
x is defined as follows:
The following are some basic properties of the logarithmic means:
can be thought of as the mean-value of the function
2) The logarithmic mean can also be interpreted as the area under an exponential curve.
Since
We also have the identity 
The identric mean of two distinct positive real numbers 1 2 , x x is defined as: 
It can be g s according by th
The Main Theorem
eneralized to more variable e mean value theorem for divided differences. 
